On Weil Sums, Conjectures of Helleseth and Niho Exponents by Nguyen, Liem
ar
X
iv
:2
00
6.
15
72
6v
1 
 [m
ath
.N
T]
  2
8 J
un
 20
20
ON WEIL SUMS, CONJECTURES OF HELLESETH
AND NIHO EXPONENTS
LIEM NGUYEN
Abstract. Let F be a finite field, µ be a fixed additive character
and s be an integer coprime to |F×|. For any a ∈ F , the corre-
sponding Weil sum is defined to be WF,s(a) =
∑
x∈F×
µ(xs − ax).
The Weil spectrum counts distinct values of the Weil sum as a
runs through the invertible elements in the finite field. The value
of these sums and the size of the Weil spectrum are of particular
interest, as they link problems in coding and information theory
to other areas of math such as number theory and arithmetic ge-
ometry. In 1971, Helleseth formulated two conjectures about the
presence of zero value in the Weil spectrum and the size of the
spectrum, both of which still remain unsolved. In this paper, we
discuss some progress made towards these two conjectures in the
case of Niho exponents. We also give a conjecture considering the
Weil spectrum of at least five elements, and discuss some partial
results.
1. Introduction
Let F be a finite field of characteristic p and size q = pn. Let µ :
F → C be the canonical additive character. Recall that the canonical
additive character µ(x) = ζ
TrF/Fp(x)
p , where ζp = e
2pii/p is a pth root of
unity and TrF/Fp(x) is the absolute trace function from F → Fp. If L
is an extension of F , i.e |L|= qm for some nonnegative integer m, then
µ extends to L by µ(x) = ζ
TrF/Fp(TrL/F (x))
p where TrL/F (x) is the trace
function from L→ F .
Let x 7→ xs be a power mapping from F to F where s is a fixed
positive integer. For a point a ∈ F , we define the Weil sum as
WF,s(a) =
∑
x∈F
µ(xs − ax).
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If (s, q−1) = 1, then s is said to be an invertible exponent. Furthermore,
WF,s(0) =
∑
x∈F
µ(xs) =
∑
x∈F
µ(x) = 0,
since the map x 7→ xs permutes the elements of F .
Since WF,s(a) is a sum of roots of unity, WF,s(a) is an algebraic
integer. The following theorem by Tor Helleseth states the necessary
and sufficient conditions for WF,s(a) to be a rational integer for every
a ∈ F [7].
Theorem 1.1 (Helleseth). WF,s(a) ∈ Z for all a ∈ F× if and only if
s ≡ 1 (mod p− 1).
Now, s is said to be singular if there is an a ∈ F× such thatWF,s(a) =
0.
The Weil sum is of interest to us as it relates many problems in cod-
ing and information theory to other areas such as number theory and
arithmetic geometry. For instance, determining the values of WF,s(a)
for a ∈ F× is equivalent to the study of cross-correlation functions be-
tween maximal linear sequences in coding theory [7]. These types of
connections between various research aspects of the Weil sum, as well
as their applications are summarized in [13, 11] by Daniel Katz.
It is natural to wonder what kind of value one would get from the
Weil sum. We have seen that theWF,s(a) is always 0 at a = 0, and inter-
estingly, this presence of zero value is not known for nonzero elements
a. This prompted Tor Helleseth to propose the following conjecture
[6, 7] in 1971.
Conjecture 1.2 (Helleseth Vanishing Conjecture). If q = |F |> 2 and
s is an invertible exponent over F such that s ≡ 1 (mod p− 1), then s
is singular.
Now, if we put some restrictions on the exponent s, some partial
results on the Vanishing Conjecture can be obtained. For the finite
field L of order q = p2n, an exponent s is called a Niho exponent if
s is not a power of p and s ≡ pj (mod pn − 1). If j = 0, then such
exponent is called a normalized Niho exponent. Niho exponent was
first introduced by Yoji Niho in 1972 in his PhD thesis on the cross-
correlation function between an m-sequence and its d-decimation [16].
Since then further research has been done using Niho exponents, and it
has resulted in various applications in coding theory, sequence design
and cryptography [14]. Moreover, the Helleseth Vanishing Conjecture
was proved for Niho exponents for a field of characteristic 2 [4].
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One useful fact about Weil sums with Niho exponents is that we
can replace them with normalized Niho exponents due to the following
result by Katz.
Lemma 1.3. [1, Lemma 3.2] Let F be a finite field of characteristic p
and s be an invertible exponent over F . Then WF,s(a) = WF,pjs(a) for
any a ∈ F and j ∈ Z.
The proof of this lemma relies on the fact that xp
js and xs are Galois
conjugates and thus have the same trace.
The next questions of interest would be how many distinct values
WF,s(a) takes as a ranges over F , and what they are. We define the
Weil spectrum for some fixed s to be the set {WF,s(a) | a ∈ F×}, and
say that it is r-valued if |{WF,s(a) | a ∈ F×}|= r.
If s is a power of p modulo (q − 1), we call s to be degenerate.
For degenerate power s we know that WF,s(a) takes two values via a
theorem by Helleseth [7].
Theorem 1.4 (Helleseth [7]). If s is degenerate, WF,s(a) is two-valued
over F where
WF,s(a) =
{
q if a = 1,
0 otherwise
If s is nondegenerate, then WF,s(a) takes at least three values over F
×.
So, when exactly is the Weil spectrum three-valued? In the same
paper that Helleseth proposed the Vanishing Conjecture in 1971, he
also gave a criteria for when this three-valued property is never met
[6, 7].
Conjecture 1.5 (Helleseth Three-Valued Conjecture, 1971). Let F be
a finite field of characteristic p. If [F : Fp] is a power of 2, then for
any invertible exponent s, the spectrum of the Weil sum WF,s(a) is not
three-valued.
More progress has been made towards this conjecture in comparison
to the Vanishing Conjecture, using various approaches from coding
theory, cryptography and number theory [2, 3, 8, 15, 4, 5, 9, 1, 10, 13].
Currently, only ten families of three-valued Weil sum are known [1,
Table 1], and these are conjectured to be the only ones that occur. The
case for characteristic p = 2 in the Three-Valued Conjecture has been
proved by Feng in [5] and Katz generalized Feng’s technique to prove
the conjecture for characteristic 2 and 3 [9, 10]. Special families of the
three-valued Weil sum for all characteristics p are also addressed via the
Welch Conjecture and the Niho Conjecture. Canteaut, Charpin, and
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Dobbertin gave a proof to the Welch Conjecture in [3] and Hollmann
and Xiang proved both the Welch and Niho Conjectures in [8]. More
recently, a family of three-valued Weil spectrum has been proved [12].
The organization of this paper is as follows. The first part discusses
how a Weil sum can be viewed as an inner product of characters over
a finite field. This observation leads to a relation which is part of
a method called power moments. In general, the method of power
moments studies the summation
∑
W kF,s(a) for any positive integer k.
The summation can be taken over a finite field, or over different orbits
in the field via multiplication action by a subfield. This method is useful
in the studies of distribution/averaging behavior and the divisibility of
Weil sum [7, 10].
The second part of the paper presents a proof of the vanishing con-
jecture for the case of a Niho exponent s. The discussion then continues
with obtaining bounds for the Weil sum in this setting.
Theorem 1.6. Let L be a finite field where q = p2n for some prime p
and positive integer n. Suppose that s is an invertible Niho exponent.
Then s is singular.
The last part of the paper focuses on computing the Weil sum for
special values a in the finite field and the Weil spectrum for the case of
Niho exponent. Based on numerical evidence, we propose a conjecture
for the five-valued behavior.
Conjecture 1.7. Let L be a quadratic extension of a finite field F of
order pn. Let s = 1+ k(pn − 1) be an invertible Niho exponent over L,
d1 = gcd(k, p
n+1), and d2 = gcd(k−1, pn+1). If d1+d2 ≥ 5 for all odd
primes p, or d1 + d2 = 3 for p
n ≡ 3 (mod 4), then the spectrum of the
Weil spectrum over L is at least five-valued. Moreover, the five values
are of the form {0,−pn, pn, 2αpn, (2β + 1)pn} for integers α, β ≥ 1.
A special case of the condition d1 + d2 ≥ 5 in conjecture 1.7 is
pn ≡ 2 (mod 3). Hence, we can restate the conjecture with simpler
assumptions as follows.
Conjecture 1.8. Let L be a quadratic extension of a finite field F of
order pn, and s = 1+ k(pn− 1) be an invertible Niho exponent over L.
If pn ≡ 2 (mod 3), then the Weil spectrum has at least five values of
the form {0,−pn, pn, 2αpn, (2β + 1)pn} for integers α, β ≥ 1.
Remark 1.9. Since s is an invertible exponent over L, gcd(s, p2n−1) = 1.
Hence, if pn ≡ 2 (mod 3), then s ≡ 1 or 2 (mod 3). Thus, k ≡ 0
(mod 3) and (k − 1) ≡ 2 (mod 3), or k ≡ 1 (mod 3) and (k − 1) ≡ 0
(mod 3). Moreover, pn + 1 is divisible by 2 and 3. Therefore either d1
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or d2 in proposition 4.1 is divisible by 3. The same conclusion can be
made for the divisibility of either d1 or d2 by 2. Hence, d1 + d2 ≥ 5.
Finally, we end the paper by showing the above conjecture to be true
over certain families of Weil sum.
Theorem 1.10. Given the assumptions of conjecture 1.7, the spec-
trum of the Weil sum over L is at least five-valued for invertible Niho
exponents s = 1 + k(pn − 1), where 2 ≤ k < p
n/2
√
2
+ 1.
Remark 1.11. If k = 0 or 1 then s is degenerate. So in general, we can
take 2 ≤ k ≤ pn, since k + pn + 1 gives the same exponent s as k over
L.
2. Preliminaries
We review some techniques with characters over a general finite field
F of order q = pn.
For a ∈ F , let µa(x) = µ(ax). Then the set of additive characters
{µa : a ∈ F} form an orthonormal basis, with respect to the following
inner product, for the space of functions from F to C×. One observes
that the additive character µ(x) in our introduction is µ1(x).
Definition 2.1. For all functions f, g : F → C×, we define the inner
product
〈f, g〉 = 1
q
∑
x∈F
f(x)g(x),
where · stands for complex conjugation.
If we let fs be the function fs(x) := µ(x
s), our Weil sum is the
coordinates (or the Fourier coefficients) up to a factor of 1/q of fs with
respect to the orthonormal basis {µa : a ∈ F}. More precisely, the
Weil sum becomes
WF,s(a) =
∑
x∈F
µ(xs − ax) =
∑
x∈F
µ(xs)µa(x) = q · 〈fs, µa〉,
and
fs =
1
q
∑
a∈F
WF,s(a) · µa.
On the other hand,
〈fs, fs〉 = 1,
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and hence,
1 =
〈∑
a∈F
1
q
WF,s(a) · µa,
∑
b∈F
1
q
WF,s(b) · µb
〉
=
1
q2
∑
a∈F
WF,s(a)
2.(2.1)
Relation (2.1) can also be proved using the cross-correlation function
in [9]. In fact, it is called the second power moment of the Weil sum. In
general we can consider the summation of all Weil sum in the finite field
raised to a positive integer m. This is called the mth power moment.
For the first few moments we have the following result which was proved
in [9].
Lemma 2.2. Let F be a finite field of order pn and s be a fixed invert-
ible exponent. Then
(i)
∑
a∈F
WF,s(a) = p
n,
(ii)
∑
a∈F
WF,s(a)
2 = p2n, and
(iii)
∑
a∈F
WF,s(a)
3 = p2n · |R|, where R = {x ∈ L | (1−x)s+xs−1 =
0}.
As for the settings of a quadratic extension L over F , we have the
following moment property of the Weil sum in different orbits under
the multiplication action of F× on L×.
Lemma 2.3. Let F be a finite field of order pn and L be a quadratic
extension of F . Suppose s ≡ 1 (mod |F×|). Then for a fixed b ∈ L×,
∑
a∈F
WL,s(ab) =
{
|L| if b ∈ F ,
0 otherwise.
Proof. The first case for b ∈ F was proved in [1, lemma 2.5]. So we
will show the second equality here. Observe that∑
a∈F
WL,s(ab) =
∑
a∈F
∑
x∈L
µ(xs − abx)
=
∑
x∈L
µ(xs)
∑
a∈F
ζ
TrF/Fp(−a(TrL/F (bx)))
p .
If TrL/F (bx) 6= 0, then the inner sum is 0.
Hence, ∑
a∈F
WL,s(ab) = p
n ·
∑
x∈L
TrL/F (bx)=0
µ(xs).
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Now we consider the equation 0 = TrL/F (y) = y
pn +y = y(yp
n−1+1)
over L. The solution is either y = 0 or y ∈ H \ F×, where H is
the unique subgroup of L× with [H : F×] = 2. Let x0 be a non-zero
element such that bx0 is a nonzero solution to TrL/F (y) = 0. Then all
the roots of the polynomial are of the form cbx0, where c ∈ F . Note
that TrL/F (x0) 6= 0 because of b 6∈ F . Hence,∑
a∈F
WL,s(ab) = p
n ·
∑
c∈F
µ((cx0)
s)
= pn ·
∑
c∈F
ζ
TrF/Fp(cTrL/F (x
s
0
))
p = 0.

The conclusion of lemma 2.3 also implies the first moment property
of the Weil sum.
3. The Vanishing Conjecture and Bounds on WL,s(a)
For the rest of this paper (sections 3 and 4) we turn our focus to Niho
exponents. Our setting is a finite field F of order q = pn, together with
a quadratic extension L over F . Let s be a nondegenerate invertible
exponent. By lemma 1.3, we can take s ≡ 1 (mod pn − 1), then s =
k(pn − 1) + 1 for some nonnegative integer k.
Our goal in this section is to prove the Vanishing Conjecture for the
case of Niho exponent s (i.e theorem 1.6), and study the bounds on the
Weil sum for various values of a and s. We first start with a lemma
that gives a formula for Weil sum WL,s(a) based on the cardinality of
a relevant set.
Lemma 3.1. Let L be the quadratic extension of the finite field F .
Assume that s is an invertible Niho exponent over L. Let Ka,s = {x ∈
L× | TrL/F (xs − ax) = 0}.
Then |Ka,s| is a multiple of (pn − 1) and
WL,s(a) = p
n · |Ka,s|
pn − 1 − p
n.
Furthermore, WL,s(a) is divisible by p
n.
Remark 3.2. The first statement of the theorem was also proved in [1].
Proof. By lemma 1.3, we can replace the condition s ≡ pj (mod pn−1)
by s ≡ 1 (mod pn − 1). Noting that W (0) = 0 and
|K0,s|= |{x ∈ L× | (xs)pn − xs = 0}|= pn − 1,
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the identity WL,s(0) = p
n · |K0,s|
pn − 1 − p
n holds. We now assume a 6= 0.
We have
WL,s(a) =
∑
x∈L×
µ(xs − ax) + µ(0) =
∑
x∈L×
µ(xs − ax) + 1.
For any y ∈ L×, we can write y = bx for some b ∈ F×, and
TrL/F ((bx)
s − a(bx)) = TrL/F (bxs − abx) = bTrL/F (xs − ax).
Therefore, each element y in the coset x¯ := xF× either lies in Ka,s or
not depending on whether x lies in Ka,s or not. This implies that |Ka,s|
is a multiple of |F×|= pn − 1.
We then rewrite
∑
x∈L×
µ(xs − ax) as follows.
∑
x∈L×
µ(xs − ax) =
∑
x∈{x¯}
∑
b∈F×
ζ
TrF/Fp(TrL/F ((bx)
s−a(bx)))
p
=
∑
x∈{x¯}
∑
b∈F×
ζ
TrF/Fp(b(TrL/F (x
s−ax))
p
=
∑
x∈{x¯}
∑
b∈F
ζ
TrF/Fp(b(TrL/F (x
s−ax))
p − (pn + 1).
If x /∈ Ka,s, then for a fixed equivalence class x¯ the inner sum∑
b∈F
ζ
TrF/Fp(b(TrL/F (x
s−ax))
p =
∑
u∈F
ζ
TrF/Fp(u)
p is 0; otherwise it is pn.
Thus,
WL,s(a) =
pn|Ka,s|
pn − 1 − (p
n + 1) + 1 = pn · |Ka,s|
pn − 1 − p
n.
This completes the proof.

Now we are ready to give a proof of theorem 1.6.
Proof of Theorem 1.6. By lemma 3.1,WL,s(a) = p
n·ha for some ha ∈ Z.
Specifically, h0 = 0 since WL,s(0) = 0. Applying this and relation (2.1)
to the setting of a field L of order q = p2n, we have
q = p2n =
∑
a∈L×
h2a.(3.1)
If ha = 0 for some a ∈ L×, then the Vanishing conjecture holds. To
prove this, we use proof by contradiction and assume that ha 6= 0 for
ON WEIL SUMS, CONJECTURES OF HELLESETH AND NIHO EXPONENTS 9
all a ∈ L×. If |ha|= 1 for all a ∈ L×, then from (3.1), we have that
q − 1 = q, which is not possible. So |ha′|≥ 2 for some a′ ∈ L, then∑
a∈L×
h2a ≥
∑
a∈L×
a6=a′
h2a + 2
2 = (q − 2) + 4 = q + 2 > q,
which also contradicts (3.1).
So at least WL,s(a) = 0 for some a ∈ L×. 
As a consequence to theorem 1.6, the Vanishing Conjecture holds
true for Fp2.
Corollary 3.3. Suppose s is an invertible exponent and s ≡ 1 (mod (p−
1)), then the Vanishing Conjecture holds for the field Fp2.
Lemma 3.1 gives a formula for WL,s(a) based on the cardinality of
the set Ka,s. By identifying field elements in Ka,s, we can bound |Ka,s|
in order to deduce bounds on WL,s(a).
Proposition 3.4. Let a ∈ F . Suppose x2(pn−1) = 1 and x /∈ F , then
TrL/F (x
s − ax) = 0.
Proof. Since x2(p
n−1) = 1 and x /∈ F , xpn−1 = −1.
We have that x(p
n−1)2 = xp
2n−1−2(pn−1) = (x2(p
n−1))−1 = 1.
Now,
TrL/F (x
s − ax) = TrL/F (xs)− aTrL/F (x)
= xs + xsp
n − a(x+ xpn)
= xs(1 + x(k(p
n−1)+1)(pn−1))− ax(1 + xpn−1)
= xs(1 + xp
n−1)− ax(1 + xpn−1)
= 0.

Note that there are 2(pn − 1) solutions for the equation x2(pn−1) = 1
in L, since (2(pn − 1), p2n − 1) = 2(pn − 1). This gives a bound on the
size of Ka,s, hence a bound on the Weil sum.
Proposition 3.5. Let pn ≡ 2 (mod 3). If x3(pn−1) = 1, then TrL/F (xs−
x) = 0.
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Proof. We have that
TrL/F (x
s − ax) = TrL/F (xs)− TrL/F (x)
= xs + xsp
n − (x+ xpn)
= xk(p
n−1)+1(1 + x(k(p
n−1)+1)(pn−1))− x(1 + xpn−1)
= x(xk(p
n−1) + x(p
n−1)(2k+1) − 1− x(pn−1)),(3.2)
using the relation x(p
n−1)2 = xp
2n−1−2(pn−1) = x−2(p
n−1) = x(p
n−1).
If k ≡ 0 (mod 3) or k ≡ 1 (mod 3), then the expression (3.2) be-
comes 0.
If k ≡ 2 (mod 3), then s ≡ 0 (mod 3), but q − 1 = p2n − 1 ≡ 0
(mod 3). So (s, q − 1) ≥ 3, which is a contradiction. 
Theorem 3.6. We have the following bounds on WL,s(a):
(1) If a ∈ L, then WL,s(a) ≥ −pn.
(2) If a ∈ F , then WL,s(a) ≥ 0.
(3) In particular, WL,s(1) ≥ pn. If pn ≡ 2 (mod 3), then WL,s(1) ≥
3pn.
Remark 3.7. Since WL,s(a) is a sum of roots of unity, |WL,s(a)|< q for
nondegenerate s.
Proof. Since |Ka,s|≥ 0, |WL,s(a)|≥ −q for a ∈ L.
If a ∈ F , then by proposition 3.4 there are at least 2(pn− 1)− (pn−
1) = pn − 1 points in Ka,s. So WL,s(a) ≥ 0 by lemma 3.1.
For part (3), if x ∈ F , then xs = x and TrL/F (xs−x) = 0. So such x
lies in K1,s. Combining this fact and proposition 3.4, there are at least
2(pn − 1) points in K1,s. Therefore, WL,s(1) ≥ pn. Moreover, if pn ≡ 2
(mod 3), then there are 3(pn−1) solutions to the equation x3(pn−1) = 1,
and by proposition 3.5 and lemma 3.1, WL,s(1) ≥ 3pn. 
4. The Weil Spectrum
In this section we give formulas for the Weil sum at specific elements
in the finite field L. We recall that s = 1 + k(pn − 1) and as noted
in remark 1.11, we can take 2 ≤ k ≤ pn. Our discussion begins by
considering the value of the Weil sum at a root of unity in the field
for certain primes p. The formula is obtained by realizing the relation
between the elements in the set Ka,s = {x ∈ L× | TrL/F (xs − ax) = 0}
in lemma 3.1 and the root of unity.
Proposition 4.1. Let 2 ≤ k ≤ pn, d1 = gcd(k, pn + 1), and d2 =
gcd(k − 1, pn + 1). Let t be a positive integer with t | p2n − 1. Let ζt
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be a primitive t-th root of unity in L and suppose pn ≡ t− 1 (mod t).
For i = 1 or 2, let
δi,t =

1 if t |
pn + 1
di
,
0 otherwise.
Then
WL,s(ζt) =
{
pn(d1 + d2 − 2) if t = 1,
pn(d1δ1,t + d2δ2,t − 1) otherwise.
Proof. We compute |Kζt,s| in lemma 3.1. Let x ∈ Kζt,s then TrL/F (xs) =
TrL/F (ζtx). We also have that NL/F (x
s) = NL/F (ζtx), since ζ
pn+1
t = 1.
Hence, ζtx and x
s satisfy the same degree two minimal polynomial over
F . So we can consider two cases xs = ζtx or x
s = (ζtx)
pn . Let
L× = 〈g〉
for some generator g in the field. Then x = gi for some i ∈ Zp2n−1. We
can pick ζt = g
(p2n−1)j/t where gcd(j, t) = gcd(j, p2n − 1) = 1. For the
case xs = ζtx, we have that x
k(pn−1) = ζt. Then g
ik(pn−1) = g(p
2n−1)j/t,
so
(pn − 1)ik ≡ (p
2n − 1)j
t
(mod p2n − 1),(4.1)
which implies that
ik ≡ (p
n + 1)j
t
(mod pn + 1).(4.2)
Let d1 = gcd(k, p
n + 1). Then (4.2) is solvable if p
n+1
t
≡ 0 (mod d1).
If it is solvable then there are d1 solutions. When t = 1, (4.2) is always
solvable. Hence (4.1) has d1(p
n−1) solutions if t = 1, and d1δ1,t(pn−1)
solutions otherwise. Similarly, for the case xs = (ζtx)
pn = ζ−1t x
pn, we
have that x(k−1)(p
n−1) = ζ−1t = g
−(p2n−1)j/t. Let d2 = gcd(k− 1, pn+1),
then there are d2(p
n−1) solutions to this case if t = 1 and d2δ2,t(pn−1)
for other values of t.
Since d1 and d2 are coprime, the solutions in each case are distinct
except when xp
n−1 = 1, i.e x ∈ F×. Hence, when ζt = 1 the solutions
for both cases were counted twice for x ∈ F×. Therefore,
|Kζt,s|=
{
(pn − 1)(d1 + d2 − 1) if t = 1,
(pn − 1)(d1δ1,t + d2δ2,t) otherwise.
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Apply this to the formula for WL,s(ζt) in lemma 3.1, we have
WL,s(ζt) =
{
pn(d1 + d2 − 2) if t = 1,
pn(d1δ1,t + d2δ2,t − 1) otherwise.

Remark 4.2. Theorem 3.6(3), can be obtained by proposition 4.1. As
noted in remark 1.9, either d1 or d2 must be divisible by 2, so d1+d2 ≥ 3
for all odd primes p. Moreover, if pn ≡ 2 (mod 3), then d1 + d2 ≥ 5,
and thus, WL,s(1) = p
n(d1 + d2 − 2) ≥ 3pn.
From proposition 4.1, we deduce the following corollary for the Weil
sum at a = −1.
Corollary 4.3. Let L be a quadratic extension over F , s be a Niho
exponent and d1, d2 be defined as in proposition 4.1. Then
WL,s(−1) = pn
(
d1 · 1 + (−1)
(pn+1)/d1
2
+ d2 · 1 + (−1)
(pn+1)/d2
2
− 1
)
.
If pn ≡ 3 (mod 4) then WL,s(−1) = pn(d1 + d2 − 1). Furthermore, if
additional constraint d1 + d2 = 3 holds, then WL,s(−1) = 2pn.
Combining the first and second moments in lemma 2.2 as well as the
fact that for nondegenerate exponents the Weil spectrum contains at
least three values, we conclude that the spectrum contains at least a
negative value. From lemma 3.1, this negative value must be −pn.
We state a result from Katz in [1] that is useful in the next step of
our discussion.
Lemma 4.4. [1, Corollary 3.4] Let F be a finite field of characteristic
p, and let L be an extension of F with [L : F ] a power of a prime
ℓ distinct from p. Let s be degenerate over F but not over L. Then
WL,s(1) ≡ |F | (mod ℓ) and WL,s(a) ≡ 0 (mod ℓ) for every a ∈ F \{1}.
In our setting of a quadratic extension L over F of characteristic p >
2, this means that the Weil sum WL,s(a) admits an odd value for a = 1
and even values for all a ∈ F \{1}. Combining this with the last part of
theorem 3.6 we deduce the Weil spectrum for the quadratic extension
L when pn ≡ 2 (mod 3) has at least four values of the following forms.
Corollary 4.5. Suppose p > 2, and pn ≡ 2 (mod 3). If L = Fp2n,and
s ≡ 1 (mod pn−1) is non-degenerate, the spectrum of WL,s(a) contains
at least 4 values of the form {0,−pn, 2αpn, (2β+1)pn} for some integers
α, β ≥ 1.
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Our numerical evidence suggests a stronger conclusion than corol-
lary 4.5 implies. This leads to conjecture 1.7 and conjecture 1.8 in the
introduction.
For the rest of the paper we discuss partial results towards conjec-
ture 1.7 for certain families of Niho exponents s. For such an s, we
give a count on the solution set R = {x ∈ L | (1− x)s + xs− 1 = 0} in
lemma 2.2.
Lemma 4.6. Let L be a quadratic extension of F , and |F |= pn and
k ≥ 2. Let d1 = gcd(k, pn + 1) and d2 = gcd(k − 1, pn + 1). Then
|R|= pn + (d1 − 1)(d1 − 2) + (d2 − 1)(d2 − 2).
Proof. Clearly, all elements in F are in R. So |R|≥ pn. Now suppose
x ∈ R \ F .
We have that (1− x)s = 1− xs. Computing the norm NL/F of both
sides, we get
NL/F (1− xs) = 1− xspn − xs + xs(pn+1) = 1− TrL/F (xs) +NL/F (xs)
and
NL/F ((1− x)s) = 1− xpn − x+ xpn+1 = 1− TrL/F (x) +NL/F (x).
As s = 1 + k(pn − 1), we know NL/F (x) = NL/F (xs). Equating the
norm of 1− xs gives us TrL/F (x) = TrL/F (xs).
As s = 1 + k(pn − 1), NL/F (x) = NL/F (xs). Since the norm and
trace of x and xs are the same, they must satisfy the same degree-two
minimal polynomial over F . Hence xs = x or xs = xp
n
.
Case 1: xs = x.
This implies xk(p
n−1) = 1.
Since x /∈ F , xpn−1 6= 1. Now, 1 = xp2n−1 = x(pn−1)(pn+1). So a
solution in this case must satisfy xd1(p
n−1) = 1, where d1 = gcd(k, p
n +
1). Let L× = 〈g〉 and h = g(p2n−1)/d1 be an element of order d1 in L×.
Then xp
n−1 must be in 〈h〉. Without loss of generality, let xpn−1 = ht1 ,
where 1 ≤ t1 ≤ d1 − 1. On the other hand, 1 = xs + (1 − x)s =
x+ (1 − x)s. This implies (1− x)s−1 = 1 or (1 − x)k(pn−1) = 1. Using
the similar argument from above, we can say (1− x)pn−1 = ht2 , where
1 ≤ t2 ≤ d1 − 1.
Now,
(1− x)pn−1 = ht2 =⇒ 1− xpn = ht2(1− x)
=⇒ 1− ht1x = ht2 − ht2x
=⇒ x = 1− h
t2
ht1 − ht2 .
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With 1 ≤ t1, t2 ≤ d1 and t1 6= t2, there are (d1 − 1)(d1 − 2) choices for
solution x.
Case 2: xp
n
= xs = x1+k(p
n−1).
This implies x(k−1)(p
n−1) = 1. Suppose x /∈ F . Similar to the ar-
gument in case 1 we let d2 = gcd(k − 1, pn + 1) and find solutions to
the equation xd2(p
n−1) = 1. A quick check also yields us the relation
(1 − x)(k−1)(pn−1) = 1. Hence there are (d2 − 1)(d2 − 2) solutions of x
in this case.
Note that since k and k−1 are coprime, d1 and d2 are coprime as well.
Therefore, the solutions in case 1 and case 2 for x /∈ F are distinct.
Accounting for solutions x ∈ F we have |R|= pn + (d1 − 1)(d1 − 2) +
(d2 − 1)(d2 − 2). 
Corollary 4.7. Let s = 1+ k(pn − 1) for some integer k, 0 ≤ k ≤ pn.
Then k and 2−k+pn gives the same number of solutions to the equation
(1− x)s + xs − 1 = 0 for x ∈ L.
Proof. From the proof of lemma 4.6, the exponents s and spn give the
same number of solutions to the equation (1 − x)s + xs − 1 = 0 for
x ∈ L. Now, spn = 1 + (1 − k)pn, and 0 ≤ 2 − k + pn ≤ pn gives the
same exponent as 1− k. 
Finally, we end our discussion by addressing conjecture 1.7 when
k <
pn/2√
2
+ 1 (i.e theorem 1.10). The idea behind the proof is to apply
the power moments in lemma 2.2 to the four Weil sum values and the
count for the set R in lemma 4.6 to derive a contradiction.
Proof of Theorem 1.10. Suppose that there are only four values in the
Weil spectrum according to corollary 4.5. Let m1, m2, m3 and m4 be
the number of elements whose Weil sum value is −pn, 0, 2αpn and (2β+
1)pn, respectively, for integers α, β ≥ 1. In here 2β + 1 = d1 + d2 − 2
from proposition 4.1. By lemma 2.2 we have the following system of
equations:


m1 +m2 +m3 +m4 = p
2n(4.3)
−m1 + 2αm3 + (d1 + d2 − 2)m4 = pn(4.4)
m1 + 4α
2m3 + (d1 + d2 − 2)2m4 = p2n(4.5)
−m1 + 8α3m3 + (d1 + d2 − 2)3m4 = pn|R|,(4.6)
where |R|= pn + (d1 − 1)(d1 − 2) + (d2 − 1)(d2 − 2).
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The above system has a unique solution over Q, which is
m1 =
pn(d21 + d
2
2 + (2α− pn − 3)(d1 + d2)− pn(2α− 3) + 4(1− α))
(2α+ 1)(d1 + d2 − 1)
m2 =
pn((d1 + d2)(2α(p
n + 1)− pn − 4) + d21 + d22 − 6α(pn + 1) + 2(2pn + 3))
2α(d1 + d2 − 2)
m3 =
pn(d21 + d
2
2 − (pn + 4)(d1 + d2) + 2(2pn + 3))
2(2α− d1 − d2 + 2)(2α + 1)α
m4 = −p
n(d21 + d
2
2 − 2pn(α− 1)− 3(d1 + d2) + 4− 2α)
(2α− d1 − d2 + 2)(d1 + d2 − 1)(d1 + d2 − 2) .
From the numerator of m3, we have that
d21 + d
2
2 − (pn + 4)(d1 + d2) + 2(2pn + 3))
= (d1 − 2)2 + (d2 − 2)2 − (d1 + d2 − 4)pn + 2
≤ (d1 − 2)2 + (d2 − 2)2 − pn + 2,(4.7)
since d1+d2−4 = 2β−1 ≥ 1. Using k < p
n/2
√
2
+1, we can bound (4.7) by(
pn/2√
2
− 1
)2
+
(
pn/2√
2
− 2
)2
−pn+2 < −8p
n/2
√
2
+5 < 0, so the numerator
ofm3 is negative. Hence, the denominator (2α−d1−d2+2)(2α+1)α =
(2α− 2β − 1)(2α+ 1)α is negative, which implies α < β + 1
2
.
Now, this forces the denominator of m4 to be negative, which im-
plies that the expression in the numerator (d21 + d
2
2 − 2pn(α − 1) −
3(d1 + d2) + 4 − 2α) must be positive. If α ≥ 2, using the bound
k <
pn/2√
2
+ 1, we can show that the previous expression cannot be
positive, hence α must be 1. Replacing this for m1, we have m1 =
pn(d21 + d
2
2 − (d1 + d2)− pn(d1 + d2 − 1))
3(d1 + d2 − 1) . The denominator of m1 is
clearly positive, so this implies that (d21+d
2
2−(d1+d2)−pn(d1+d2−1))
has to be positive.
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We note that d1 + d2 − 1 ≥ 4 and
d21 + d
2
2 − (d1 + d2)− pn(d1 + d2 − 1)
≤
(
d1 − 1
2
)2
+
(
d2 − 1
2
)2
− 1
2
− 4pn
<
(
pn/2√
2
+
1
2
)2
+
(
pn/2
2
− 1
2
)2
− 1
2
− 4pn
= −3pn − 1
2
< 0.
This is a contradiction. Hence there must be a fifth value in this Weil
spectrum. We note that for the case of d1 + d2 = 3 and p
n ≡ 3
(mod 4), we have that WL,s(−1) = 2pn by corollary 4.3 and deduce
α = 1. This results in the same contradiction as above and hence the
same conclusion holds. 
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